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Abstrakt
Tato pra´ce se zaby´va´ rˇesˇen´ım Navier-Stokesovy´ch rovnic pro rea´lnou, stlacˇitelnou kapa-
linu s prvn´ı a druhou viskozitou. Jako metoda rˇesˇen´ı je vybra´na metoda rozvoje podle
vlastn´ıch tvar˚u kmitu. Vztahy pro koeficienty rozvoje a pro vlastn´ı tvary jsou obecneˇ
urcˇeny pro 1D, 2D a 3D proudeˇn´ı. Konkre´tn´ı vztahy pro vlastn´ı tvary kmitu jsou nalezeny
pouze pro 1D proudeˇn´ı. Konecˇna´ podoba tlakove´ funkce je analyzova´na pomoc´ı softwaru
Matlab.
Summary
This thesis deals with the Navier-Stokes equations for real, compressible fluid with first
and second viscosity. The method of expansion into a series of eigenmodes of vibration
is chosen to solve the Navier-Stokes equations. The general relations of the expansion
coefficients and the eigenmode shapes are given for 1D-, 2D- and 3D-flows. The specific
formulae of eigenmodes of vibration are determined only for 1D-flow. The final form of
the pressure function is analysed using Matlab software.
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The Navier-Stokes equations which represents the evolution of the velocity field of a vis-
cous, incompressible fluid have been written in 1822 by the French engineer Claude Louis
Marie Henri Navier and subsequently in 1845 by George Gabriel Stokes. The Navier-
Stokes equations are partial differential equations that model fluid flow and they are
often used for the study of the air flow around an aircraft, the flow through pipes or star
movements inside a galaxy, etc.
In general, the partial differential equations are important for describing physical pro-
cesses. The best known mathematical physics equations are Laplace, wave and heat
equations. Laplace equations are used for the modelling of gravity, electric force and
the chemical concentration in equilibria, amongst other applications. The wave equa-
tions serve as a simplified model for the oscillations on a vibrating string, a membrane
or an elastic solid, whilst the heat equations model heat diffusion. The previously men-
tioned equations are linear equations whilst the Navier-Stokes equations are nonlinear.
This nonlinearity causes problems and although the Navier-Stokes equations are used so
extensively in physics, engineering and industry. We know little about the theoretical
fundamentals of these equations. The lack of adequate knowledge about these equations
is one of the greatest unsolved problems of the 21st century in mathematics.
There exist several computer programs that are able to solve the Navier-Stokes equa-
tions using the Finite Element analysis method. Nevertheless, an attempt will be made
to analytically solved the Navier-Stokes equations for compressible fluid with first and
second viscosity. The proposed solution is based on an expansion into a series of eigen-
modes of vibration and has the following procedure. First the Navier-Stokes equations
are transformed in an eigenvalue problem so as to be able to estimate the eigenvalues
and determine the orthogonality condition, which condition is of importance for the other
steps in the solution. Using the initial and boundary conditions in eigenmode expan-
sion, the expansion coefficients are characterised. The velocity and pressure eigenmode
shapes can be determined numerically or for simpler cases analytically. The latter case
was chosen and the eigenmode shapes were found for the 1D-flow where the pressure on
the left side of a pipe was excited by a cosine function and the pressure on the right side




In this thesis, Einstein summation convention is used.
Gauss-Ostrogradsky theorem [8]
The Gauss-Ostrogradsky theorem, also known as the divergence theorem or the Gauss
theorem, converts a volume integral over the region V to the surface integral over its
boundary S, and vice versa.
Suppose V is a subset of Rn which is compact and has a piecewise smooth boundary









where ni is the outward pointing normal unit field of the closed boundary S.
Green’s first identity [9]
Applying the Gauss-Ostrogradsky theorem to the vector field Fi = ψ∇ϕ, where ψ and ϕ
are scalar functions defined on some region V in R3, the first Green identity is obtained.

































































3 The laminar flow in a pipe of any
cross-section
3.1 General formulation of the problem
Laminar flow occurs when a fluid flows in parallel layers. This flow can be achieved in
a narrow and sufficiently long tube. We are interested in the 3D-laminar flow in a pipe of
any cross-section. This can be described by the Navier-Stokes equations for compressible
































i, j indices acquiring the values 1, 2, 3.












After denoting z = t− xk
vk

























































is called the Mach number M . Most often, the time derivatives of the
real small-damped systems are of a higher order than the spatial derivatives and therefore




can be neglected. [5]
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3.1 GENERAL FORMULATION OF THE PROBLEM
































ε˜ coefficient of compressibility: ε˜ = − 1
ρv2
,
v speed of sound.
In order to solve this problem the initial conditions need to be:
t = 0 : p = p0(xi),
ci = 0, (3.4)
and the boundary conditions:
xi ∈ S1 : p = p1(t),
xi ∈ S2 : p = p2(t),










Consider solutions of (3.2) and (3.3) in the form:
ci = e
stwi(xi),
p = est σ(xi).
where s is the common eigenvalue for velocities and pressure, wi is the eigenvector of
velocity ci and σ is the eigenvector of pressure.
Then we can rewrite the system of equations (3.2) and (3.3) as:















with the zero boundary conditions:
xi ∈ S1 : σ = 0,
xi ∈ S2 : σ = 0,
xi ∈ P : wi = 0. (3.8)
3.3 Estimate of eigenvalue
To find the eigenvalue s, equation (3.6) is multiplied by s and the complex conjugate








































dV = 0. (3.9)




w∗i ni dS = 0.























































3.3 ESTIMATE OF EIGENVALUE
In the next sections we will consider only a tube with constant cross-section. In this case




w∗i nj dS = 0.
































































where K2 = κ2λ−2 and K21 = κ
2
1λ
−2. We call the expressions K,K1 as magnitudes of wave
vectors, where λ is wavelength and κ, κ1 are dimensionless numbers. Rewriting equation






λ−2 + v2κ2λ−2 = 0.
The solution for s of this quadratic equation is:













From this expression we can easily see that the damping depends on the values of the
first and second viscosities ν and ν˜, and also the wavelength λ.
























The second viscosity ν˜, which is dependent on the frequency, plays an important role in
the expression above. Therefore the value κν˜
2v
will have significant impact on the damping.
Eigenfrequency strongly depends on the speed of sound v, the wavelength λ and also on
the viscosities, especially on ν.
15
3.4 ORTHOGONALITY OF THE EIGENVECTORS
3.4 Orthogonality of the eigenvectors
Writing the equations (3.6), (3.7) for k-terms:




































We multiply (3.11) by w∗il, (3.13) by wik and integrate it over whole volume. Using







































































































l dV = 0.















From this equation we can make two conclusions:
• If k = l and the expression in the square brackets is different from zero, then
sl = λl for k = l.

























ak(t)σk + z0(x1, t). (3.17)
The function z0(x1, t) can be arbitrary, but it has to hold the boundary conditions (3.5)
for the pressure. We take it to be in the form:
z0(x1, t) = p1(t)− p1(t)− p2(t)
L
x1. (3.18)






ak(0)σk + z0(x1, 0) = p0.
Multiplying the first equation by w∗il, the second one by σ
∗




























Multiplying equation (3.20) by ε˜
ρ






















































































3.6 CHARACTERIZATION OF THE EXPANSION COEFFICIENTS
3.6 Characterization of the expansion coefficients










































































w∗il dV = 0.















































w∗il dV = 0. (3.22)



















































































































Using the orthogonality condition (3.16), when k = l, we obtain:
dak
dt
























3.6 CHARACTERIZATION OF THE EXPANSION COEFFICIENTS
From the relation (3.18) we can simplify the first derivative of z0 with respect to xi:
∂z0
∂xi





































where ak(0) is determined by (3.21).
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3.7 COMPARISON OF THE EXPANSION COEFFICIENTS
3.7 Comparison of the expansion coefficients
We would like to compare the expansion coefficients obtained in the previous section with
results of my bachelor’s thesis [4]. The thesis, called Navier-Stokes equation - the laminar
flow solution, is concerned with laminar flow of incompressible fluid.
For incompressible fluids the speed of sound is infinitely large, therefore value of ε˜ is
close to zero.
ε˜ = − 1
ρv2
: if v →∞ ⇒ ε˜→ 0.





































k dx2 = 1,
∆p = const,










(1− eskt) ∆p, (3.26)



















































3.7 COMPARISON OF THE EXPANSION COEFFICIENTS


























Recall that for the incompressible fluid ε˜→ 0. This implies that ak(0)→ 0. Therefore
term ak(0) and all terms containing ε˜ will disappear from (3.28). In our case when

















, where wk = w1k. (3.29)
The first integral which we should compute is the volume integral over the complex


































































which coincides with our result (3.26) of the bachelor’s thesis.
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4 The laminar flow in a pipe of any
cross-section in 2D
4.1 Formulation of the problem in 2D


































































; ε˜ = − 1
ρv2
.
For solving this problem we will need the initial conditions:
t = 0 : p = p0(x1, x2),
c1 = 0,
c2 = 0, (4.4)
and the boundary conditions:
(x1, x2) ∈ S1 : p = p1(t),
(x1, x2) ∈ S2 : p = p2(t),
(x1, x2) ∈ P : c1 = 0,
c2 = 0. (4.5)
4.2 Eigenvalue problem





p = est σ(x1, x2).
where s is the common eigenvalue for velocities and pressure, wi is the eigenvector of
velocity ci and σ is the eigenvector of pressure.
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4.3 ESTIMATE OF EIGENVALUE


















































with the zero boundary conditions:
(x1, x2) ∈ S1 : σ = 0,
(x1, x2) ∈ S2 : σ = 0,
(x1, x2) ∈ P : w1 = 0,
w2 = 0. (4.9)
4.3 Estimate of eigenvalue
To find the eigenvalue s, we multiply equation (4.6), eventually (4.7), by s and the complex
conjugate value of the velocity eigenvector w∗1, eventually w
∗
2. Integrating the expression
































































































































dV = 0. (4.11)



















w∗2n2 dS = 0.
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4.3 ESTIMATE OF EIGENVALUE





















































































































































































 = 0. (4.13)
In the next sections we will consider only a tube having a constant cross-section. In this



















w∗2n2 dS = 0.
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4.3 ESTIMATE OF EIGENVALUE

















































































































































































































































































































where K2 = κ2λ−2 and K21 = κ
2
1λ
−2. We call the expressions K,K1 as magnitudes of wave
vectors, where λ is wavelength and κ, κ1 are dimensionless numbers. Rewriting equation






λ−2 + v2κ2λ−2 = 0.
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4.4 ORTHOGONALITY OF THE EIGENVECTORS
The solution for s of this quadratic equation is:













From this expression we can see that damping depends on the values of the first and
second viscosities ν and ν˜, and also the wavelength λ.
























The second viscosity ν˜, which is dependent on the frequency, plays an important role in
the expression above. Therefore the value κν˜
2v
will have significant impact on the damping.
Eigenfrequency strongly depends on the speed of sound v, the wavelength λ and also on
the viscosities, especially on ν.
4.4 Orthogonality of the eigenvectors














































































































4.4 ORTHOGONALITY OF THE EIGENVECTORS
We multiply (4.15) by w∗1l, (4.16) by w
∗
2l and integrate it over whole volume. Using the
























































































dV = 0. (4.20)




















































































dV = 0. (4.22)






























































Now we can make two conclusions:
• If k = l and the expression in the square brackets is different from zero, then
sl = λl for k = l.
















l dV = 0 for k 6= l. (4.23)
4.5 Eigenmode expansion














ak(t)σk + z0(x1, t). (4.24)
The function z0(x1, t) can be arbitrary, but it has to hold the boundary conditions (4.5)
for the pressure. We take it to be in the form:
z0(x1, t) = p1(t)− p1(t)− p2(t)
L
x1. (4.25)









ak(0)σk + z0(x1, 0) = p0.
Multiplying the first equation by w∗1l, the second one by w
∗
2l, the third one by σ
∗
l and then





































Multiplying equation (4.28) by ε˜
ρ










































































































4.6 CHARACTERIZATION OF THE EXPANSION COEFFICIENTS
4.6 Characterization of the expansion coefficients












































































Multiplying the first equation by w∗1l, the second one by w
∗
2l and integrating it over whole









































































































w∗2l dV = 0.
































































w∗1l dV = 0, (4.30)
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dV = 0. (4.31)




























































































 = 0, (4.34)



























































Using the orthogonality condition (4.23), when k = l, we obtain:
dak
dt





























4.6 CHARACTERIZATION OF THE EXPANSION COEFFICIENTS
From the relation (4.25) we can simplify the first derivative of z0 with respect to x1:
∂z0
∂x1










































where ak(0) is determined by (4.29).
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5 Navier-Stokes equations in
cylindrical coordinates
Figure 2: Cylindrical coordinates
Until now, we have dealt with the Navier-Stokes
equations (3.2) in the Cartesian coordinate system
(x1, x2, x3). Sometimes it is also convenient to work
in cylindrical coordinates (r, ϕ, z) using the trans-
formation:
x1 = r cosϕ,
x2 = r sinϕ,








, ϕ ∈ [ 0 ; 2pi ] and z ∈ [ 0 ; L ].












































































































































































Looking at these equations we can note that, finding a solution to these equations will
be very difficult. Unfortunately we will consider axisymmetric flow. It means that all
derivatives with respect to ϕ are equal to zero. Hence our Navier-Stokes equations in


















































































































p = est σ(r, ϕ, z).
where s is the common eigenvalue for velocities and pressure, wi is the eigenvector of
velocity ci and σ is the eigenvector of pressure.

































































































5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
with zero boundary conditions:
(r, ϕ, z) ∈ S1 : σ = 0,
(r, ϕ, z) ∈ S2 : σ = 0,
(r, ϕ, z) ∈ P : wr = 0,
wϕ = 0,
wz = 0.
5.2 Navier-Stokes equation for 1D-flow
We will work with Navier-Stokes equation for 1D-flow in cylindrical coordinates:
∂cz
∂t

















t = 0 : p = p0(z),
cz = 0, (5.8)
and the boundary conditions:
z ∈ S1 : p = p1(t),
z ∈ S2 : p = p2(t),
z ∈ P : cz = 0. (5.9)
5.2.1 Eigenvalue problem for 1D-flow
Consider solutions of these equations in the form:
cz = e
stwz(z),
p = est σ(z).
where s is the common eigenvalue for velocity and pressure, wz is the eigenvector of
velocity cz and σ is the eigenvector of pressure.
Then we can rewrite the equations (5.6) and (5.7) as:












with the zero boundary conditions:
z ∈ S1 : σ = 0,
z ∈ S2 : σ = 0,
z ∈ P : wz = 0. (5.12)
35
5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
5.2.2 Estimate of eigenvalue for 1D-flow
To find the eigenvalue s, equation (5.10) is multiplied by s and the complex conjugate
































w∗znz dS = 0.








































We can determine the expression of the eigenvalue s:










































where K2 = κ2λ−2. We call the expression K as magnitude of wave vector, where λ
is wavelength and κ is dimensionless number. Rewriting the equation (5.14) using the
expression above, we get:
s2 + s (ν + ν˜)K2 + v2K2 = 0. (5.15)
The solution for s of this quadratic equation is:
s1,2 = − 1
2
(ν + ν˜)K2 ± 1
2
√
(ν + ν˜)2K4 − 4v2K2.
In the case when the expression under the square root is positive, i.e.










5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
5.2.3 Orthogonality of the eigenvectors
Writing the equations (5.10), (5.11) for k-terms:






























We multiply (5.16) by w∗zl, (5.18) by wzk and integrate it over whole volume. Using











































































l dV = 0.















From this equation we can make two conclusions:
• If k = l and the expression in the square brackets is different from zero, then
sl = λl for k = l.











l dV = 0 for k 6= l. (5.21)
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5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
5.2.4 Characterization of velocity function
Let’s start from system of equations:



















substitute it in equation (5.22):










ε˜ = − 1
ρv2
,











and simplify the equation (5.24):
swz −
(

















For finding solution of this equation we should solve adequate characteristic equation:
λ2 +K2 = 0,
λ = ± iK,
where i is imaginary unit. Therefore the velocity function is of form:
wz = A cos(Kz) +B sin(Kz),










[B cos(Kz)− A sin(Kz)] ,
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5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
σ(0) = 0 : σ(0) = B
K
sε˜
= 0 ⇒ B = 0,
σ(L) = 0 : σ(L) = −A K
sε˜
sin(KL) = 0,
A 6= 0 ⇒ sin(KL) = 0,
⇒ KL = kpi, where k ∈ Z,
⇒ K = kpi
L
.
Now we know the forms of the velocity and pressure function:
















A value of the constant A remains to be found. This could be determined by considering




zk dV = 1. (5.26)











































If we compare this result with the right side of the equality, we obtain an expression for
constant A which has to ensure that the velocity function is a real function:
|A|2L
2


































(ν + ν˜)K2 ± K
2
√










√√√√(ν + ν˜)2 (kpi
L
)2
− 4v2 . (5.27)
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5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
5.2.5 Eigenmode expansion










ak(t)σk + z0(z, t). (5.28)
The function z0(z, t) can be arbitrary, but it has to hold the boundary conditions (5.9)
for the pressure. We take it to be in the form:
z0(z, t) = p1(t)− p1(t)− p2(t)
L
z. (5.29)






ak(0)σk + z0(z, 0) = p0(z).
Multiplying the first equation by w∗zl, the second one by σ
∗




























Multiplying equation (5.31) by ε˜
ρ






















































































5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
5.2.6 Characterization of the expansion coefficients




























































w∗zl dV = 0.





































w∗zl dV = 0. (5.33)





















































































































5.2 NAVIER-STOKES EQUATION FOR 1D-FLOW
Using the orthogonality condition (5.21), when k = l, we obtain:
dak
dt























From the relation (5.29) we can simplify the first derivative of z0 with respect to z:
∂z0
∂z





































where ak(0) is determined by (5.32).
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW
5.3 Specific example of 1D-flow
Up to this point, only the general calculations were carried out. In this section we will
carry out the computations for a specific case when the boundary conditions for the
pressure are determined by the following relations:
p1 = cos(ωt),
p2 = 0,
and the initial value of pressure is equal to the additional pressure z0 in zero time:
p0(z) = 1− z
L
.
Hence, in our case, the additional pressure satisfying the boundary conditions (5.9) is of
the form:










































































































5.3 SPECIFIC EXAMPLE OF 1D-FLOW
In this specific example the coefficients for initial time ak(0) are equal to zero. The inte-
grals appearing in formula (5.37) are computed separately and then added together.






























Here we should recall the general relation for z0(z, t):
z0(z, t) = p1(t)− p1(t)− p2(t)
L
z , (5.40)
which is used in computing the second integral appearing in the numerator of formula








































































































































5.3 SPECIFIC EXAMPLE OF 1D-FLOW
The whole second integral can now be solved. It would be better if we could compute it
without constants and then use our result to find out its whole solution:
t∫
0
esk(t−τ) sin(ωτ) dτ =
∣∣∣∣∣∣∣∣
u = esk(t−τ) u′ = esk(t−τ)(−sk)
















u = esk(t−τ) u′ = esk(t−τ)(−sk)






































From the result obtained, one can note that the sought integral appears on both sides.



















esk(t−τ) sin(ωτ) dτ =



































In the denominator we have two integrals. The first one is determined by the orthonormal


























































5.3 SPECIFIC EXAMPLE OF 1D-FLOW



















After these lengthy computations, we can put the relations (5.39), (5.40) and (5.43) to































5.3 SPECIFIC EXAMPLE OF 1D-FLOW
5.3.1 Steady state
In the previous example from section 5.3, we were dealing with the case when on the left
end of the tube the pressure is excited by a cosine function p1 = cos(ωt) whilst on the
right side of the tube, the pressure was equal to zero p2 = 0. The expansion coefficients
at the initial time are also equal to zero: ak(0) = 0.














































we observe that only the exponential, sine and cosine functions of time occur.
The exponential functions cause the small vibrations around the time pressure function.
From the properties of exponential functions we know that if the coefficient in front of
the independent variable is negative, then this function goes to zero as t tends to infi-
nity. In our case these coefficients are equal to the complex eigenvalues sk which can be
decomposed into real and imaginary parts:
sk = αk ± iωk, where α, ω ∈ R. (5.46)
The imaginary parts ωk influence the vibrations. Since the real parts αk are always
negative, the vibrations due to the exponential term are damped and the pressure function
stabilises itself to a periodic function of a cosine form. In the relation (5.44) for pressure we
can decompose the exponential term into real and imaginary parts using Euler’s formula:
eskt = e(αk ± iωk)t = eαkte± iωkt = eαkt[cos(ωkt)± sin(ωkt)]. (5.47)
After this decomposition we will focus only on the exponential terms of the pressure
































2] · [s2k + ω2]
· eskt.
Using (5.47) we can separate this relation into real and imaginary parts. The imaginary
parts will cause the vibrations which will then be damped by the real parts. These real
parts determine the asymptotes of the plot of the function, and the damped periodic
function appears in them. In figure 3 (p. 48) the function pexp is drawn in blue and the
asymptotes are drawn in red (dashed). Here we chose a smaller value for the speed of
sound than in the other cases: v = 30 m · s−1.
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW
Most of plots in Matlab were initialized with the following values:
k ∈ [1; 500], z = 0.5 m, L = 1 m,
t ∈ [0; 2] s, ω = 50 rad · s−1, ρ = 1000 kg ·m−3,
timestep = 0.0002 s, v = 150 m · s−1, ν˜ = 10−6 m2 · s−1.


































Figure 3: Exponential part of pressure function for ν = 0.6 m2 · s−1




= 0.126 s. Henceforth, the kinematic viscosity will acquire the value:
ν = 0.3 m2 · s−1. In figure 4 (p. 49), we do not observe any vibrations for small values of
time. Hence the behaviour of the expansion coefficients with respect to time was plotted.
In figure 5 (p. 49) the expansion coefficients with respect to time were plotted with some
small vibrations being observed at the beginning of the plot. These vibrations are atten-
uated after a certain time (t
.
= 1.6 s), and plot stabilises to a smooth cosine function.
The amplitude of the vibrations is dependent on several factors, one of them being the
choice of viscosities - the smaller the sum of the viscosities, the greater the amplitude of
the vibrations. Therefore, in figure 6 (p. 50) the values of the viscosities were changed
(ν + ν˜ = 10−6 m2 · s−1) in order to show larger amplitudes in the upper part of the plot
at time t = 1 s.
It may occur that some vibrations in the expansion coefficients are observed, but do
not occur in the pressure function. This would suggest that the contribution of the
expansion coefficients is smaller than the contribution of the other terms of the pressure
function.
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW


















Figure 4: Time pressure function





























Figure 5: Time dependence of the sum of the expansion coefficients
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW





























Figure 6: Time dependence of the sum of the expansion coefficients - detailed view
Thus, we will also study the limit case of the pressure function when t goes to infinity:
lim







































2] · [s2k + ω2]






























2] · [s2k + ω2]
· sk.
Using the denotations in (5.48) we obtain the formula for the limit case of pressure:
lim







Mω + 1− z
L
)
cos(ωt) +Msk sin(ωt). (5.49)
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW
The sine and cosine functions in this expression can be expressed in the form A cos(ωt−φ)
using the difference formula for cosine function of two angles:
A cos(ωt− φ) = (A cosφ) cos(ωt) + (A sinφ) sin(ωt) = B cos(ωt) + C sin(ωt),
⇒ A =
√




where A, B, C ∈ C. The constant A is the amplitude and φ is the initial phase. Using









Mω + 1− z
L
 .
It was observed that in the limiting case when t tends to infinity, the pressure function is
transformed to a cosine function with a certain amplitude and phase. We observed the
behaviour of amplitude A with respect to the angular frequency ω:
A =
√(




In plotting the amplitude against the angular frequency - figure 7 - the angular frequency
was selected to have a range from 0 to 2600 rad · s−1 with a step of 0.5 rad · s−1.


















Figure 7: Amplitude-frequency characteristic
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW
We can get an approximation of the values of the angular frequencies in the peaks of this
graph. As was mentioned before, the eigenvalues described by relation (5.45) are complex
numbers and can decomposed as in (5.46). The imaginary part indicates for which values
of angular frequency the amplitude-frequency characteristic will reach the peaks. If we





In our case, we considered a 1 m long pipe with the speed of sound propagation being
v = 150 m · s−1. Hence the positions of the peaks are around this values:
ω1 = 150pi
.
= 471 rad · s−1, ω4 = 600pi .= 1885 rad · s−1,
ω2 = 300pi
.
= 942 rad · s−1, ω5 = 750pi .= 2356 rad · s−1.
ω3 = 450pi
.
= 1414 rad · s−1,
In figure 7 (p. 51) we can only observe the odd eigenmodes of vibration, since we chose
z-coordinate to be exactly in the middle of the pipe. At this location, the node for even
eigenmodes of vibration is present as is shown in figure 9 (p. 53). In these sub-figures we














The red circle indicates the position at the exact middle of the pipe, e.g. z = 0.5 m,
whilst the green square shows the position for the new values of z, e.g. z = 0.3 m. This
new position does not lie in the node for these five eigenmodes of vibration and hence we
can observe them in figure 8.





















Figure 8: Amplitude-frequency characteristic
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5.3 SPECIFIC EXAMPLE OF 1D-FLOW



























































































































































Figure 9: Eigenmodes of vibration
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6 Conclusion
The master’s thesis titled Navier-Stokes equation - solution of the real liquid follows my
bachelor’s thesis called Navier-Stokes equation - the laminar flow solution [4] where the
case of 1D-flow of incompressible fluid was investigated. The results obtained gave rise
to the study of the Navier-Stokes equation for the compressible fluid.
This master’s thesis considers, as is mentioned above, compressible fluid. To find a solu-
tion of the Navier-Stokes equation we used the method of expanding them into a series
of eigenmodes of vibration. In the first part, we formulated our problem as an eigenvalue
problem. We determined the eigenvalues which were in general complex. Then we got
the form of the expansion coefficients for 3D- and hence also for 2D-flow. The relations
obtained were then compared with the results of my bachelor’s thesis, which comparison
showed that the values agreed. To find the velocity and pressure eigenmode shapes we
studied 1D-flow. Here the velocity eigenmode shapes are cosine and the pressure eigen-
mode shapes are sine. Composing the relations for the expansion coefficients and the
eigenmode shapes of pressure, we derived the final formula for pressure in the form of an
infinite series.
In the example of a 1D-flow, the boundary conditions chosen for the pressure function
where such that a cosine function was acting on the left side of the pipe, whereas the
pressure function acting on the right side of the pipe was set equal to zero. Corresponding
expansion coefficients were found to consist of an exponential, sine and cosine functions
which influenced the evolution of the pressure function. As was observed from the
figures plotted using Matlab, the exponential functions caused small vibrations around
the pressure function. However these vibrations were quickly damped and the pressure
passed to a periodic cosine function. We were also interested in the amplitude-frequency
characteristics where we could observe the eigenmodes of vibrations. The exact center
of the pipe was chosen as the first value of the position and on doing so, only odd eigen-
modes of vibration were shown in the amplitude-frequency characteristic. In order to
show all eigenmodes of vibration, the value of the next position was chosen somewhere
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ak [–] expansion coefficients
b [Pa · s] bulk viscosity
c [m · s−1] velocity




p0 [Pa] initial value of pressure
p1, p2 [Pa] boundary values of pressure
pexp [Pa] exponential term of pressure function
r [m] radial coordinate
s [s−1] eigenvalue
t [s] time
v [m · s−1] speed of sound propagation
w [m · s−1] velocity eigenvector, eigenmode shape of velocity
w∗ [m · s−1] complex conjugate velocity eigenvector
x [m] spatial coordinate
z [m] height or third spatial coordinate
z0 [Pa] pressure function
A [Pa] amplitude of vibration
C complex number system
K, K1 [m
−1] magnitudes of wave vectors
L [m] length of pipe
M [−] Mach number
P lateral surface




α [s−1] real part of eigenvalue
δkj [−] Kronecker delta
ε˜ [Pa−1] coefficient of compressibility
Continued on next page
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Continued from previous page
Symbols Units Description




µ [Pa · s] dynamic viscosity
ν [m2 · s−1] kinematic viscosity
ν˜ [m2 · s−1] second viscosity
ω [rad · s−1] angular velocity, imaginary part of eigenvalue
ρ [kg ·m−3] density
σ [Pa] pressure eigenvector, eigenmode shape of pressure
σ∗ [Pa] complex conjugate pressure eigenvector
τ [s] time
φ [rad] phase angle
ϕ [rad] azimuth
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